The aquatic bacterium Caulobacter crescentus divides asymmetrically to a flagellated swarmer cell and a cell with a stalk. At the end of the stalk is an adhesive organelle known as the holdfast, which the stalked cell uses to attach to a solid surface. Often there are two or more cells with their stalks attached to the same holdfast. By analyzing the fluctuations in the stalk angle for a pair of cells attached to a single holdfast, we determine the elastic stiffness of the holdfast. We model the holdfast as three torsional springs in series and find that the effective torsional spring constant for the holdfast is of the order of (10 ÿ17 -10 ÿ18 ) Nm, with unequal spring constants. The asymmetry suggests the sequence in which the cells attach to each other, and in some cases suggests that strong crosslinks form between the stalks as they make a shared holdfast.
INTRODUCTION
The aquatic bacterium Caulobacter crescentus exhibits a dimorphic life cycle (1) (2) (3) (4) (5) (6) . After an obligatory, free-swimming state known as the swarmer phase, the cell differentiates into a stalked cell by initiating DNA replication, releasing the flagellum and synthesizing a stalk, which is a thin cylindrical extension containing cell-wall and cytoplasm (1) . The stalk of a C. crescentus cell has a diameter of ;100 nm and a length of up to several micrometers (2, 7) . Synthesis of the adhesive holdfast occurs early during swarmer cell differentiation, around the time the flagellum is shed. The holdfast appears at the base of the flagellum (8) , and later resides at the tip of the stalk, which grows from the same site. The stalked cell elongates as it continues to grow. The stalked cell then synthesizes a flagellum at the pole opposite to the stalked pole, generating an asymmetric cell that divides to produce a new swarmer cell and a stalked cell. Upon division, the stalked cell can immediately begin a new round of DNA replication and cell division, whereas the swarmer cell proceeds with the developmental cycle as described above.
The adhesive holdfast serves to anchor the stalked cells to abiotic and biotic surfaces (1) . The aquatic environment of C. crescentus cells is often very dilute in nutrients, such as the essential nutrient inorganic phosphate. It has been hypothesized that the ability to remain attached to a surface results in better access to limited nutrients, especially under flow (9) . The strength of adhesion depends on the contact between the holdfast and the surface, and the contact between the holdfast and the stalk. A well-known theory for the adhesion of bacterial cells to a solid surface is that the cell is bridged by extracellular polysaccharides (10, 11) . The C. crescentus holdfast is composed of extracellular polysaccharides and additional components such as proteins and uronic acids (9, 12) . Due to the distinct life cycle, C. crescentus provides the simplest model system for study of microbial development and the mechanisms of asymmetric cell division. The ordered synthesis of polar structures, visible by microscopy, allows developmental stages to be easily defined. The synthesis and adhesion of the holdfast play an essential role in the evolution of the stalked cells. Under favorable availability of nutrients, groups of stalked cells are often found to adhere to surfaces via shared holdfasts, forming structures known as rosettes. Although earlier observation found that a group of cells in a large rosette tend to have stalks of the same length (1), it was not shown whether the cells form the attachment simultaneously, or rather build a large rosette while more cells join in and enlarge the shared holdfast. Until now, the precise kinetic steps of rosettes formation have not been well defined.
In a preceding study (13) , we have demonstrated an elastic behavior in angular fluctuations of the C. crescentus stalked cells, which are attached to a glass surface via their holdfast. We found that the holdfast at the adhesion site provides the elastic coupling that restricts the angular fluctuations. Such an elastic restraint is weakened by orders of magnitude upon additions of lysozyme, an enzyme known to disrupt the network formed by oligomers of N-acetylglucosamine (9) . The result shows that the N-acetylglucosamine is largely responsible for the elastic properties of the attachment. In contrast, the stalks behave as rigid rods and contribute negligibly to the angular fluctuation of the attachment. The preceding work also shows evidence of correlated motion of groups of cells sharing holdfasts in small rosettes. However, the previous measurements were not performed with sufficiently high frequency of image recording to determine the correlations quantitatively. In this article, we report on new experiments that record the motion at rates of up to 1000 frames per second of pairs of cells, which attach to the glass surface. We provide a detailed analysis based on a model of coupled springs, which predicts quantitatively the self-correlation of the angular fluctuations of each attached cell as it shares a holdfast with another cell, as well as cross-correlation between them. The results from the analysis show frequent occurrence of asymmetry, in the sense that one cell attaches tightly to the glass surface while the second is coupled more tightly to the first cell rather than the glass surface directly. There are also a few clear cases in which the elastic coupling between the two stalks is much stronger than their respective coupling with the glass surface. In all, these results suggest that the two cells likely fuse their holdfast before attachment of the fused holdfast to the glass surface. The results from our analysis shed some light on the precise mechanism of attachment of C. crescentus to a substrate.
MATERIALS AND METHODS
;0.5 mm in comparison with the stalk length of 3-5 mm. This was, in fact, a major source of systematic error, which could affect the angles of the two cells differently, depending on their relative orientation with respect to that of the glass fiber.
Another source of possible error is the projection effect, which arises because all angles and distances are measured in their projections onto the plane of focus. In our microscope, the 1003 Plan Apo objective lens in combination with the phase contrast feature leads to a depth of focus of ;0.5 mm. Since the cells mainly stayed in focus as they fluctuated, we estimate the angle between the focal plane and the plane formed by the two stalks as , sin ÿ1 (0.5/4) ¼ 7°for a 4-mm-long stalk. We further assume that the outof-plane fluctuations are comparable to the in-plane fluctuations that we measure. The contribution of the out-of-plane projection to the total deflection is second-order and expected to be much smaller. For example, suppose a stalked cell fluctuates by 5°both out-of-plane and in-plane from its equilibrium position. The in-plane projected displacement perpendicular to the stalk would be 0.35 mm, and there would also be a small displacement of 0.02 mm along the stalk due to the out-of-plane motion. Since the projection of the out-of-plane motion is an order-of-magnitude smaller than the in-plane motion, we may safely ignore the out-of-plane motion in this example. Fig. 1 shows the model and an image of the two-cell attachment is shown in Fig. 2 . The holdfast with two stalks is represented by three torsional springs. These springs resist changes in the angles u 1 and u 2 , which describe the angles the rigid stalks make with their respective equilibrium positions. Motion out of the plane of the figure is disregarded, which is justified in the section above.
MODEL
The elastic energy of the springs is
where u T ¼ (u 1 ,u 2 ), and
FIGURE 2 A primitive rosette formed by attachment of two stalked cells. The cell on the right is a predivisional cell, indicated by a constriction onethird of the way from the top. is the matrix of elastic constants, with values determined by the distribution of material in holdfast.
Since the angles u 1 and u 2 are small, of the order of 10 ÿ2 rad, we can use the equipartition theorem and the measured values of AEu i (0)u j (0)ae to determine the elastic constants k 1 , k 2 , and k 3 . By diagonalizing the energy (Eq. 2) and assigning k B T/2 of energy to each mode, we find
or
The angular velocities of the cells are small enough that the Reynolds-number is very low, and the equations of Stokes flow apply to the fluid (14) . The linearity of the Stokes equations implies that the velocity v i of each cell is a linear function of the forces f i on each cell, i.e.,
If the cells were spheres of radius a separated by a distance R a, then to a good approximation, the mobility tensor H mn would be the Oseen tensor (15,16)
where R is the vector connecting the centers of the two spheres (see Fig. 1 ),R is the direction of R, I is the 3 3 3 identity matrix, and z ¼ 6pha is the drag coefficient for a sphere. Since the fluctuations of the cells about their equilibrium positions are small compared to their separation, we may replace the fluctuating length jRj in Eqs. 10 and 11 with R, the equilibrium (average) separation between the centers of the two spheres. This simplification eliminates nonlinearities in the dependence on R.
In our situation, the cells are constrained to move along a circle of radius r (see Fig. 1 ), and we must rewrite Eqs. 8 and 9 in terms of the angles u 1 and u 2 . Collecting the moments (torques) N i acting on the cells into the vector N, and assuming the stalks have equal length r, we find
where
The moments arise from a combination of the elasticity of the holdfast and the random Brownian motion of the sur-rounding fluid, N ¼ N el 1 N br , where N el ¼ ÿKu, and N br is a random moment with zero mean and white-noise power spectrum. Thus, Eq. 12 amounts to coupled Langevin equations for the angles u 1 and u 2 ,
We will use Eqs. 2 and 14 to analyze the data (see also (17) ). In the next section, we will show that hydrodynamic interactions are small compared to the effects of the elastic coupling between the two cells. In other words, the main effect of hydrodynamics is to provide a drag resisting the motion of each cell. Therefore, we are justified in making several simplifying approximations in our treatment of hydrodynamic interactions, which are included in the analysis for illustration purposes. The grossest approximation is our use of the off-diagonal terms of Eq. 13, valid for point forces, to represent the hydrodynamic interactions between the two cell-stalk units. Thus, the hydrodynamic interaction will be valid only in order of magnitude. This approximation turns out not to be a severe problem, as we show later that the hydrodynamic interaction plays a much weaker role than elastic coupling. We have also made an implicit assumption that the drag on a cell-stalk unit is concentrated at radius r, with no contribution from the thin stalks. This assumption is inaccurate, since the drag on a thin rod of length r at low-Reynolds-number is comparable to the drag on a sphere with diameter r. A better approximation is to consider the whole cell-stalk unit as a thin rod of length r, and replace zr 2 in Eq. 13 with the friction coefficient appropriate to the drag averaged over the whole length of the rod, z r ¼ z ? r 3 /3, where z ? ¼ 4ph/[log(2r/d) 1 0.84] is the resistive-force theory friction coefficient for dragging a rod of length r and diameter d perpendicular to its axis (18) .
Based on the argument above, we replace M withM in Eq. 12, whereM
To get expressions for the correlation functions C ij ¼ AEu i (t)u j (0)ae, write Eq. 14 in components,
multiply by u j (0), and take the ensemble average. Assuming the average of the Brownian moment N br k ðtÞ and u j (0) vanish, we find
where Q ¼MK. The solution to Eq. 17 is
(we assume t . 0 from here on), where the equipartition theorem equation (4) determines the constant matrix, C ij (0) ¼ k B T(K ÿ1 ) ij . To evaluate the matrix exponential, we must diagonalize Q: Q ¼ P ÿ1 LP, where L is diagonal with elements l 1 and l 2 , the eigenvalues of Q. Thus,
In general, Eq. 19 shows that the correlation functions are the sum of two exponentials, e.g.,
where the different correlation functions have different amplitudes C i but the same decay constants l i /z r . For the case of k 1 k 2 ' k 3 , a common situation in our samples, we find that to the first-order in a/R,
The amplitudes C i has also been calculated analytically, but their form is too lengthy to display here.
RESULTS
First, we discuss the measurement of fluctuations of a single, isolated cell. In this case, there is only one stalk connected to the holdfast. We model this situation as a single spring with torsional spring constant k. Fig. 3 A shows the fluctuations in the angle u from the equilibrium value as a function of time and the corresponding correlation function is plotted in Fig. 3 B. The value of the correlation time at t ¼ 0 is AEu 2 (0)ae ¼ 1.27 3 10 ÿ3 rad 2 . Since AEu 2 (0)ae ¼ k B T/k, we find k ¼ 3.3 3 10 ÿ18 Nm for the data in Fig. 3 . This value is consistent with the torsional constants measured in Li et al. (13) . The time constant of the correlation function is t ¼ 21.5 ms, which yields z r ¼ tk ¼ 7.0 3 10 ÿ20 Nm s. This rotational friction constant corresponds to r 1.7 mm, which agrees reasonably well (;50%) with the length of the cell-stalk system (4 mm) measured from the micrograph of the cell (not shown).
We measured the correlation functions AEu i (t)u j (0)ae for eight samples of two-cell rosettes. Using k B T ¼ 4.09 3 10 ÿ21 J and Eqs. 5-7, we calculated the torsional spring constants from the AEu i (0)u j (0)ae. The values of the spring constants are reported in Fig. 4 and Table 1 . The constants k 1 for samples 1 and 4 are negative. In these cases, the negative spring constant in each sample is almost an order-of-magnitude smaller than the other spring constants in the same sample. Therefore, we interpret the unphysically negative spring constants as being effectively zero. Note that the samples fall naturally into categories, one (samples 6-8) in which k 3 is smaller than both k 1 and k 2 , and one (samples 1-5) in which k 3 is comparable to either k 1 or k 2 , or sometimes larger than both. Table 1 for the complete list of samples). These two samples have been chosen as representatives of their respective categories. The curves in these figures have been calculated using our correlation equation (Eq. 19) , and fit to the data using k 1 , k 2 , k 3 , r 1 , and r 2 as fit parameters. The fits agree well with the data. We get equally good agreement between theory and experiment for five of the remaining six samples (data not shown); sample 1 did not yield comparably good fits. In all cases, the values of r 1 and r 2 from the fits are relatively close to the measured values (see Table 1 ). The values of the torsional constants from the fits are also generally close to the values calculated from the static measurements (using equipartition as described earlier). Note that these fits also lead to a more reasonable value for k 1 in sample 4. Table 2 shows the time constants for the correlation functions for all the samples. The discrepancy between t 1,exp and t 1,calc arises from two sources. These time constants depend on both the torsional spring constants and the drag coefficients. There is a generally small discrepancy between the k ivalues determined from the zero-time correlation function and the fits. There is also a sensitive dependence of the drag coefficient and thus the time constant on the radii r 1 and r 2 . To sum up, our model captures the qualitative nature of the correlation functions. Due to the lack of precision in determining the drag coefficients, to get quantitative accuracy, we must fit our theory curves to obtain the parameters.
Figs. 5 and 6 show the measured correlation functions for samples 4 and 8, respectively (see

DISCUSSION
Given our measurements of the torsional stiffness, we can roughly estimate the elastic modulus of the holdfast gel. Dimensional analysis implies E ; k/h 3 , where h is the overall size of the holdfast, and k is the typical value of the torsional stiffness. Using h ¼ 3.4 3 10 ÿ8 m (see (13) ) and k ¼ 10 ÿ18 Columns 3-6: Length of the stalks. The heading exp refers to stalk length observed in our videos, and the heading calc refers to the values of r 1 and r 2 obtained from the fits to theory. Columns 7-9: Equal-time correlations, in rad 2 , for eight different samples. Columns 10-15: torsional elastic constants, deduced from the equal-time correlation functions (heading exp) and obtained from the fit (heading calc). N m yields E ¼ 2.5 3 10 4 Pa. This value is comparable to that of other biological gels, such as a dense collagen matrix.
For the elastic constants we determined, the elastic coupling between the two cells dominates the hydrodynamic coupling. To illustrate the relative importance of the elastic and hydrodynamic coupling, we consider two special cases. First consider the situation k 1 ¼ k 2 , such as in sample 8. For this case, the cross-correlation function of Eq. 19 is
where l 1 ¼ k 1 [1 1 3a/(2R)] and l 2 ¼ [k 1 1 2k 3 -(3k 1 /2 -3k 3 )a/R], to first-order in a/R. When k 3 ¼ 0, the coupling is completely hydrodynamic, and we recover the situation of Meiners and Quake (17) , in which the cross-correlation function is negative. In the opposite limit, where k 3 is large, the elastic coupling dominates, u 1 ¼ u 2 , and the cross-correlation function is positive. The two couplings are comparable when k 3 k 1 a/R. Fig. 7 shows the cross-correlation function when k 1 ¼ k 2 , for various values of k 3 . Note the qualitative agreement between the curve with k 3 ¼ 0.1k 1 in Fig. 7 and the cross-correlation function of Fig. 6 .
The second special case we consider is k 1 k 2 ' k 3 ; this case occurs in samples 1-4. For this case, we compare the cross-correlation function with a hydrodynamic interaction and without. Fig. 8 shows that the effect of the hydrodynamic interaction is small when k 3 is comparable to k 1 . Fig. 9 shows how the cross-correlation function (with the small effect of the hydrodynamic interaction included) varies with k 1 . Columns 3-6: Time constants (in milliseconds). In the columns labeled exp, the time constant is computed using the k i -values obtained from the zerotime correlation functions and the drag coefficient calculated from the stalk length measured from the videos. In the columns labeled calc, the time constants are obtained from the theoretical correlation functions and values of k 1 , k 2 , k 3 , r 1 , and r 2 from the fits.
Two possible mechanisms of the rosette formation have been described (1) . In the first mechanism, the rosette forms during swarmer stage. In this model, two swarmer cells attach to each other and then the holdfast forms. Therefore, the two cells share a common holdfast in the rosette, which then attaches to the substrate (Fig. 10, model I) . In this situation, we would expect k 3 to be comparable (or bigger) than k 1 or k 2 . The other possibility is that the rosette is formed late in the stalked stage. A stalked cell already has a mature holdfast. The rosette forms when the holdfasts of the two stalked cells collide. However, the two holdfasts are hard to melt into one another, suggesting the situation in Fig. 10 , model II, which results in a small k 3 . Our observations of samples in category I (Table 1 ) are consistent with model I in Fig. 10 , and our observations of samples in category II (Table 1 ) are consistent with model II in Fig. 10 .
CONCLUDING REMARKS
We have presented throughout this work a method that can be used for measuring mechanical properties of soft gels by observing the Brownian fluctuations of the particles attached to the gel. In this particular system of two cells and a holdfast, we determined the elastic properties of the holdfast, and found that hydrodynamic correlations are negligible. Our observations of the torsional spring constants fall into two categories, one of which is consistent with the collisionfusion model, and the other of which is consistent with the fusion of holdfasts after the cells attach. The validity of these models awaits confirmation by more direct imaging of interaction between cells before their adhesion to substrate. In a separate experiment, we are also measuring the force needed to detach the cell from the holdfast (P. Tsang, G.L. Li, Y.V. Brun, L.B. Feund, and J.X. Tang, unpublished data, 2005). All these studies are aimed at dissecting the mechanical properties of this model microorganism.
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